Abstract The purpose of this work is to collect in one place available information on line arrangements known in the literature as braid, monomial, Ceva or Fermat arrangement. They have been studied for a long time and appeared recently in connection with highly interesting problems, namely: the containment problem between symbolic and ordinary powers of ideals and the existence of unexpected hypersurfaces. We also study also derived configurations of points (or more general: linear flats) which arise by intersecting hyperplanes in Fermat arrangements or by taking duals of these hyperplanes. Furthermore we discuss briefly higher dimensional generalizations and present results arising by applying this approach to problems mentioned above. Some of our results are original and appear for the first time in print.
Introduction
Fermat arrangements of lines, as reflection arrangements appear (under the name of Ceva arrangements) in Hirzebruch's work [18] . Hirzebruch's interest in them was motivated by seeking ways to construct surfaces of general type which are ball quotients. This treatment has been considerably extended in the book by Barthel, Hirzebruch and Höfer [3] . For a recent update on relations between ball quotients and line arrangements we refer to Tretkoff's book [29] .
It seems that the name Fermat arrangements first appears in PhD thesis of Urzua [30] . They came into focus in connection with examples of the non-containment between the third symbolic and the second ordinary power of an ideal of a set of points in P 2 , which appeared first in the work of Dumnicki, Szemberg and Tutaj-Gasińska [14] and were considerable generalized by Harbourne and Seceleanu [17] . SubseJustyna Szpond Pedagogical University of Cracow, Podchorażych 2, PL-30-084 Cracow, Poland e-mail: szpond@gmail.com quently asymptotic invariants of associated ideals of points have been computed in [12] . Nagel and Seceleanu provided in [22] detailed description of Rees algebras of ideals of points derived from Fermat arrangements of lines.
The idea of studying generalizations of Fermat line arrangements to Fermat-type arrangements of hyperplanes in higher dimensional projective spaces appeared during the workshop "Ordinary and Symbolic Powers of Ideals" held in Oaxaka in May 2017, particularly during discussions with Juan Migliore and Uwe Nagel which I enjoyed so much. My joint papers with Malara [19] , [20] show how configurations of codimension two flats derived from Fermat-type arrangements provide additional non-containment results.
Additional interest in examples studied here comes from yet another direction. The Bounded Negativity Conjecture predicts that on any complex algebraic surface the self-intersection numbers of reduced and irreducible curves are bounded from below. This Conjecture is one of the central and most difficult problems in the theory of algebraic surfaces. Seminal work of Bauer, Harbourne, Knutsen, Küronya, Müller-Stach, Roulleau, and Szemberg [5] renewed interest in this conjecture. The subsequent article by Bauer, Di Rocco, Harbourne, Huizenga, Lundman, Pokora, and Szemberg [4] revealed a link between hyperplane arrangements and the Bounded Negativity Conjecture. Fermat-type arrangements served there as examples with extremal Harbourne constants.
My initial idea was to treat here all this interesting developments. I realized soon that this would exceed by far the scope of a conference proceedings article. Therefor I decided to focus on the latest theory where Fermat-type arrangements and derived configurations seem to play a prominent role. I mean here the theory of unexpected hypersurfaces initiated in the edge-cutting work of Cook II, Harbourne, Migliore, and Nagel [8] developing very rapidly. Thus after collecting some general facts about reflection arrangements I pass directly to Fermat-type arrangements and unexpected hypersurfaces. Some of results presented there are new and hopefully so surprising, that they will ignite new pathes of research.
I failed in writing a comprehensive survey on Fermat-type arrangements and their appearances in commutative algebra and algebraic geometry. Maybe some other time.
Notation
We adopt the combinatorial convention and write
Even though many arguments are valid over an arbitrary field containing enough roots of unity, in order to avoid additional assumptions at some places and to streamline the discussion, we make a general assumption of working solely over the field of complex numbers.
Reflection groups and arrangements
In this section we recall briefly some general facts about arrangements associated to finite reflection groups. This will serve as a motivation for one of possible generalizations of Fermat arrangements of lines.
Let V be the unitary space C N+1 with standard basis e 0 , . . . , e N and unitary product < ·, · >. Let R = C[x 0 , . . . , x N ] be the ring of polynomials. Let G be a finite group of linear automorphisms of V . Then G acts on R by
for all x ∈ V , f ∈ R and g ∈ G.
Definition 1 (Imprimitive group of automorphisms). A group G of unitary automorphisms of V is called imprimitive, if V is a direct sum
of non-trivial proper linear subspaces V i of V such that the set
This set is called a system of imprimitivity for G.
We are mainly interested here in reflection groups.
Definition 2 (Reflections and reflection groups)
. A linear automorphism s of V of finite order is a reflection in V if it has exactly N eigenvalues equal to 1.
A reflection group in V is a group generated by reflections in V .
Equivalently, a reflection is a non-trivial linear automorphism of finite order that fixes a hyperplane. We call this hyperplane a reflection hyperplane.
Remark 1.
Any reflection s in V of order d ≥ 2 has the form s = s a,ε with
for some vector a ∈ V and a primitive root of unity ε of order d.
Remark 2.
If V does not admit any decomposition as in (1), then G is called primitive.
Definition 3 (Irreducible group).
The following example is important for our considerations.
Example 1 (Monomial gropus).
Let Π N+1 ⊂ GL(V ) be the group of all (N + 1) × (N + 1) permutation matrices. It is of course isomorphic with the permutation group S N+1 of (N + 1) elements. Let n ≥ 2 and p ≥ 1 be integers with p|n and let A(n, p, N + 1) be the group of (N + 1)
with a i j = ε α i δ i j , where ε is a primitive root of unity of order n, α i ∈ [n] and such the product
a ii is a power of ε p . Let G(n, p, N + 1) be the semi-direct product of A(n, p, N + 1) and Π N+1 . Then G(n, p, N + 1) is an irreducible unitary reflection group. The generators are matrices in A(n, p, N + 1) whose all but exactly one diagonal entries are 1 and products of these matrices with permutation matrices.
Expressed somewhat simpler, G(n, p, N + 1) consists of all monomial (N + 1) × (N + 1) matrices whose non-zero elements are roots of unity of order n and the product of all of these entries is a root of unity of order n/p. Recall that a matrix is called monomial if in any row and any column there is exactly one non-zero element.
In particular permutation matrices are monomial.
Allowing n = 1 we could identify Π N+1 with the group G(1, 1, N + 1). Note that this group is reducible. There are inclusions Remark 3. The reflection hyperplanes for G(n, p, N + 1) with p < n are of the form
for 0 ≤ i < j ≤ N and α ∈ [n] or the coordinate hyperplanes
For G(n, n, N + 1) only the hyperplanes of the first kind are reflection hyperplanes.
Finite complex reflection groups were classified by Shephard and Todd [24] . In particular they showed the following result [24, Section 2], see also [7, Theorem 2.4] for an alternative proof. Definition 4 (Semi-invariant polynomials). A polynomial f ∈ R is called semiinvariant with respect to G, if there exists a linear character η of G such that
Remark 5. It is well known (see e.g. [7, Proposition 2.2] that if G is an imprimitive and irreducible finite reflection group and N is at least 1 (i.e. dim(V ) ≥ 2), then dim(V i ) = 1 for all i ∈ [t], hence t = N + 1 and there are mutually distinct homogeneous linear polynomials ℓ 1 , . . . , ℓ t such that their product ℓ 1 · . . . · ℓ t is a homogeneous, semi-invariant with respect to G, polynomial of degree N + 1 in R.
Definition 5 (Reflection arrangement). To any finite reflection group G one associates a hyperplane arrangement H (G), which consists of reflection hyperplanes defined by elements in G.
Example 2 (Braid arrangement).
The group G(1, 1, N + 1) is just a representation of the symmetry group S N+1 acting on V = C N+1 by permuting coordinates. The reflecting hyperplanes are given by equations
This arrangement can be studied also projectively. The hyperplanes in P N are defined by linear factors of the semi-invariant polynomial The reflection hyperplanes are eigenspaces of 1 of matrices A 4 , A 5 and A 6 . These are thus three lines defined by linear factors of
The resulting arrangement consists of 3 lines passing through the point (1 : 1 : 1). We refer to [25, Example 1.3] for more details on these arrangements.
In the next section we define hyperplane arrangements in general and we recall also some of their fundamental properties.
Arrangements and their basic properties
Hyperplane arrangements are a classical subject of study in mathematics. It seems that the first non-trivial line arrangement studied by Greek geometers is that associated to the Theorem of Pappus. Nowadays hyperplane arrangements constitute an area of intensive study with far reaching connections to algebra, analysis, combinatorics, geometry and topology. In this section we establish the basic terminology and properties.
Definition 6 (Hyperplane arrangement).
A hyperplane arrangement H in the projective space P N is a finite collection of mutually distinct hyperplanes.
Remark 6. Projective arrangements of hyperplanes correspond to central affine arrangements, that is arrangements where all hyperplanes pass through the origin.
A hyperplane H in P N is defined by a linear polynomial f H , which is determined uniquely up to a non-zero multiplicative scalar. To any arrangement H one can thus associate its defining polynomial
which again is defined up to a scalar. It defines a unique principal ideal I(H ) = Q(H ) in R, which we call the arrangement ideal.
A fundamental combinatorial object associated to an arrangement is its intersection lattice.
Definition 7 (Intersection lattice)
. Let H be an arrangement. The set L(H ) of all non-empty intersections of hyperplanes in H is the intersection lattice of H . This set has a natural structure of a poset defined by reversed inclusion relation.
We shall now introduce the arrangements which are in our focus.
Example 3 (Fermat arrangements).
It is natural to extend the arrangements in Example 2 by allowing powers. More precisely, for a positive integer n, let
This polynomial splits over complex numbers into linear factors of the type
where ε is a primitive root of unity of degree n and k ∈ [n]. The Fermat arrangement in P N consists of zeroes of all linear factors of F N,n . Following Orlik and Terao [23, Example 6 .29] we denote this arrangement by A 0 N+1 (n). Of course, for n = 1 we recover a braid arrangement.
It is well known that Fermat arrangements are reflection arrangements. Indeed, the group G(n, n, N + 1) contains reflections in all hyperplanes defined in (2) . Thus the example generalizes readily as follows.
Example 4 (Extended Fermat arrangements).
For the groups G = G(n, p, N + 1) with p < n, we obtain reflection arrangement with
Thus the reflection hyperplanes are all those of the corresponding Fermat arrangement with the addition of coordinate hyperplanes. We call the resulting arrangement H (G) the extended Fermat arrangement. In the literature it can be also encountered under the name of Ceva arrangement.
Again, following [23] 
We introduce now briefly some useful properties of arrangements.
We denote by Der(R) the R-module of C-linear derivation of R. It is a free Rmodule with basis D 0 , . . . , D N , where D i stands as usual for the partial derivation We want to distinguish these derivations which keep the arrangement ideal invariant.
Definition 8 (Module of derivations).
Let H be an arrangement of hyperplanes in V . The module of H -derivations of H is defined by
All this leads to the following important notion.
Definition 9 (Free arrangements). We say that an arrangement H is free if the module Der(H ) is a free R-module.
It is difficult to decide in general if an arrangement is free. However for some classes of arrangements it is known. In particular we have the following result, see [28] .
Theorem 2 (Freeness of reflection arrangements). Any reflection arrangement is free.

Unexpected curves
The concept of unexpected curves has been introduced in the ground breaking article [8] of Cook II, Harbourne, Migliore and Nagel. Initially it has been defined only for curves in P 2 with strong constrains on the relation between the degree and the multiplicity of the unexpected curve. More precisely we had (see [8 
1]).
Definition 10 (Unexpected plane curves). We say that a finite set Z of reduced points in P 2 admits an unexpected curve of degree m + 1, if for a general point P, the fat point scheme mP (i.e. defined by the ideal I(P) m ) fails to impose independent conditions on the linear system of curves of degree m vanishing at all points of Z. In other words, Z admits an unexpected curve of degree m + 1 if
Note, that it follows immediately from the definition (taking a projection from the point P), that an unexpected curve is rational. Note also, that it is irrelevant if the points in Z impose independent conditions on curves of any degree or not. In particular they can be arranged in a special position. In fact, in all example discovered so far the points in Z exhibit a lot of symmetries.
Research in [8] has been motivated by the article [10] by Di Gennaro, Illardi and Valles, where the existence of unexpected curves has been first observed. Incidentally, in the example studied in [10] the set Z is dual to the B 3 arrangement of lines. It is the arrangement associated to the Weyl group of a B 3 root system. Definition 11 (B 3 -arrangement of lines). The B 3 arrangement is the reflection arrangement defined by the the group G (2, 1, 3) .
Thus, according to Remark 3, the lines in the B 3 arrangement are described by linear factors of the polynomial
In the notation of Example 3 this is the arrangement A 3 3 (2). Dually we obtain a set Z of 9 points with the following coordinates It has been realized in [6] that one can actually write explicitly the equation of an unexpected quartic Q P in this case. If P = (a : b : c) is general, then
It is natural to wonder if the set of points dual to the Fermat arrangement A 0 3 (2) also admits an unexpected curve. It turns out that this does not happen for degree 2 but allowing high enough degree we obtain in this way additional examples of unexpected curves. More precisely we have the following result, see [8, Theorem 6.12] . The points P 1 , . . . , P 9 form a complete intersection given by the coordinate axes and the lines in the corresponding Fermat arrangement A 0 3 (3), i.e., their ideal is generated by x 0 x 1 x 2 and x 3 0 + x 3 1 + x 3 2 . Intersecting with the ideals of the remaining 2 points we obtain
Since the regularity of I(Z) is 5, the linear system of quintics vanishing in all points of Z has (projective) dimension 9. Thus it is not expected that for a general point R, it contains a member which vanishes at R to order 4. However there exists such an unexpected curve given by the equation
The latter claim can be easily verified by a direct computation.
Passing to the next degree of the Fermat-type arrangement we can drop another coordinate line. The ideal of Z is generated by
Fermat-type arrangement for m = 4
so Z is an almost complete intersection ideal (that means that the number of generators is one higher than the hight of an ideal). Such ideals have an easy minimal free resolution and either writing it explicitly down or using a symbolic algebra program (we used Singular [9] ) we get reg(I(Z)) = 6, so that Z imposes independent conditions on curves of degree 6. Thus dim(I) [6] = 15 and we do not expect that for a general point R there exists an element vanishing at R to order 5. However, such an element can be written down explicitly as follows:
Vanishing order in R can be checked by a direct (but tedious) computation.
Theorems 4 and 5 fill thus a gap between the B 3 example and a general Theorem 3, showing that all these examples belong in fact to the same family. We summarize this section by the following statement. Proof. We provide general formulas for curves C R depending on the parity of m. We omit lengthy and not very instructive computational arguments showing that these formulas indeed define curves satisfying conditions required in our statement.
Theorem 6. Let Z be the set of points dual to lines in the Fermat arrangement
For an even m ≥ 2 we have the following formula.
For an odd m ≥ 3 we have in turn 
Unexpected hypersurfaces
It has been quickly realized that Definition 10 is too restrictive. First, exactly the same phenomena can be studied in projective spaces of arbitrary dimension. More importantly, there is no need to couple the degree of the unexpected hypersurface and its multiplicity in a general point. In the subsequent to [8] article [16] Harbourne, Migliore, Nagel and Teitler generalize Definition 10 in the following way.
Definition 12 (Unexpected hypersurface). Let Q 1 , . . . , Q s be mutually distinct points in P N and let n 1 , . . . , n s be positive integers. Let Z = n 1 Q 1 + . . . + n s Q s be a scheme of fat points, i.e.,
Let m be a positive integer and let R be a general point in P N . We say that Z admits an unexpected hypersurface with respect to X = mR of degree d, if
Remark 7. Note that in fact one can pose the same definition replacing a fat points scheme Z by an arbitrary subscheme of P N .
Interestingly, the first example of an unexpected surface in P 3 has been announced by Bauer, Malara, Szemberg and the author in [6, Theorem 1] and it is related to a Fermat-type arrangement of planes in P 3 .
Let us begin with a general definition of a Fermat-derived configuration of flats.
Definition 13 (Fermat-derived configurations). Let H = A k+1 N+1 (n) be a Fermattype arrangement of hyperplanes in P N . Taking intersections of hyperplanes in the arrangement we obtain a number of related objects. For an integer 0 ≤ t ≤ N − 1 we denote by H (t) the set theoretical union of all t-dimensional flats in the intersection lattice. We call these sets Fermat-derived configurations of flats.
In particular H (N − 1) is the union of all arrangement hyperplanes, while H (0) is the union of all points in L(H ). These configurations have been introduced in [19] and investigated further in [20] in the context of the containment problem between symbolic and ordinary powers of homogeneous ideals, see [26] for an introduction to this circle of ideas.
We are now in a position to recall the main result from [6] .
Theorem 7 (Unexpected quartic surface). Let Z be the subset of points (A 4 4 (3))(0) derived from the Fermat-type arrangement (A 4
4 (3)) and defined by the following binomial ideal: Proof. Also in this case the statement is effective in the sense that we can write down explicitly the equation for Q R :
Let ε be a primitive root of the unity of degree 3. Then the set Z in Theorem 7 can be written more explicitly as all points of the form
together with the three coordinate points in P 3 . Note that for example the point
is contained in the L(A 4 4 (3)), since it is the intersection point of arrangement hyperplanes
but is not an element of Z.
Unexpected hypersurfaces with multiple general fat points
After passing from Definition 10 to Definition 12, it has been realized that one can allow more general fat points to appear.
Definition 14 (Unexpected hypersurfaces with multiple points).
We say that a subscheme Z ⊂ P N admits an unexpected hypersurface of degree d with respect to X = m 1 P 1 + . . . + m s P s , where m 1 , . . . , m s are integers and P 1 , . . . , P s are general points, if the fat points scheme X = m 1 P 1 + . . . + m s P s fails to impose independent conditions on forms of degree d vanishing along Z, i.e.,
Remark 8. It is relatively easy to construct examples of this kind of behaviour. For instance, let Z be an empty set and let P 1 , . . . , P 7 be general points in P 4 . Then it is well known (one of special cases in the Alexander-Hirschowitz classification of special linear systems with double base points [2] ) that the scheme X = 2P 1 + . . . + 2P 7 fails to impose independent conditions on forms of degree 3. There exists a threefold T of degree 3 singular in these 7 points. However T is singular along the rational quartic curve passing through P 1 , . . . , P 7 . It is much harder to find examples where the points in X are isolated in the singular locus.
Until recently it was not clear that if there exist unexpected hypersurfaces with isolated multiple general fat points. The first example of this kind has been announced in [27] . Expectedly, it was constructed with a Fermat-derived configuration of points. More precisely, let Z be the union of the six coordinate points in P 5 with the set of all points of the form • all points in Z,
• has at R a singularity of order 3,
• has at S a singularity of order 2.
6 Unexpected curves and Fermat-derived point configurations
In Section 4 we have seen how configurations of points dual to lines in a Fermat-type arrangement lead to unexpected curves. In the present part we come back to Fermat line arrangements and investigate if the configurations of points derived from them give rise to unexpected curves. We show that this is indeed the case and somewhat surprisingly we discover a new phenomena: No matter how big degree of the Fermat arrangement we consider, the multiplicity of an unexpected curve in a general point is always 4. This is in clear opposition to Theorem 3 where the multiplicity of the unexpected curve in a general point grows with m. We have no conceptual explanation for this fact at the moment.
Theorem 9 (Unexpected curves with a point of multiplicity 4). Let Z be the configuration of points in P 2 derived from the Fermat arrangement A 0 3 (n) for n ≥ 3. Let P = (a : b : c) be a general point in P 2 . We define the following numbers:
Then the polynomial
• vanishes at all points of Z, • vanishes to order 4 at P,
• defines an unexpected curve of degree n + 2 for Z with respect to P.
Proof. The points in Z are of the form
where ε is a primitive root of unity of order n and 1 ≤ α, β ≤ n; and three coordinate points P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0), P = 3 = (0 : 0 : 1). Vanishing of Q P at the coordinate points is clear, since every summand in (5) vanishes in these points. Similarly, vanishing at points P (α,β ) is guaranteed by vanishing of all summands in (5) in these points.
The ideal I(P) is generated by f 1 = cx − az, and f 2 = cy − bz, and then the ideal I(4P) is generated by
These generators form in fact a Gröbner basis of the ideal I(4P). In this basis the polynomial Q P is presented as follows
Interestingly, the third, "most symmetric", generator of I(4P) is not necessary to define the unexpected polynomial Q P .
Unexpected surfaces and flats
By a flat we mean here a linear subspace of a projective space, i.e., a subscheme defined by linear equations. Linear systems with base loci imposed along higher dimensional flats have been studied recently by Guardo, Harbourne and Van Tuyl in [15] . Their study has been motivated by the containment problem between symbolic and ordinary powers of the associated homogeneous ideals. Dumnicki, Harbourne, Szemberg and Tutaj-Gasińska in [13] studied linear systems of this kind from the positivity point of view. Very recently Migliore, Nagel and Schenck in [21] initiated a systematic investigation of singular loci of hyperplane arrangements. The schemes they consider generalize our concept of Fermat-derived configurations. In this spirit we generalize Definition 12 once again.
Definition 15 (Unexpected hypersurface for flats). Let Z be a subscheme of P N , let X be a general flat in P N and let m be a positive integer. We say that Z admits an unexpected hypersurface of degree d with respect to mX if
where HF X denotes the Hilbert function of the scheme X.
In other words, there is an unexpected hypersurface if X fails to impose the expected number of conditions on linear series. Specializing to a line in P N and rearranging terms we obtain
And finally specializing to a line in P 3 we get
It is well known that a single line with arbitrary multiplicity imposes independent conditions on forms of any degree. This is in parallel with conditions imposed by a single point. A ground breaking discovery of Cook II, Harbourne, Migliore and Nagel in [8] was that it may happen that a fat point imposes dependent conditions in a noncomplete linear system (of hypersurfaces vanishing along Z). It is clear that a general point must be taken with multiplicity at least 2 in order to exhibit this kind of behavior. In fact Akesseh noticed in [1] that a general point of multiplicity 2 can impose dependent conditions on a noncomplete linear series only if the characteristic of the ground field is 2. Farnik, Galuppi, Sodomaco and Trok extended this picture showing that the only unexpected curve with a point of multiplicity 3 is the B 3 quartic given in (3). We show now that, surprisingly, it may happen that a single general line fails to impose independent conditions on forms with a base locus consisting of a Fermatderived configuration of lines in P 3 . Our observation is experimental based on Singular computations.
Let Z ⊂ P 3 be the union of those lines derived from Fermat-type arrangement A 0 4 (3), where at least three of arrangement planes intersect. It has been computed in [19 In particular the dimension of the space of forms of degree 9 in I(Z) is exactly 20. Since a reduced line imposes c(1, d) = d + 1 conditions on forms of degree 10, we expect that for a general line L ⊂ P 3 the space of forms of degree 9 in I(Z + L) will be 10. However, according to Singular, this space has dimension 12, which is unexpected. To be more precise we run computations with a random line rather than a general line but nevertheless the indications that 12 is indeed the dimension are rather strong. We were not able to verify the computations for a general line because it never stopped. It would be, of course, desirable to have a theoretical explanation for this phenomena and a more general phenomena, which we state now. Remark 9. Unfortunately, in opposition to results presented so far, we were not able to write down explicitly equations of the unexpected surfaces. In fact, Singular computations break, if the line is supposed to be defined by two general linear equations of the form ax + by + cz + dw = 0.
We hope to come back to this problem in the very near future.
Concluding remarks
In this note I made an attempt to introduce in a systematic way Fermat-type arrangements of hyperplanes in projective spaces and configurations of flats (including points) derived as intersections among those hyperplanes. I showed that these arrangements are always free since they are reflection arrangements. I also explained how they constitute an ample group of examples in the theory of unexpected hypersurfaces. Since they play also an important role in the containment problem for powers of ideals in commutative algebra, it can be expected that there might more areas of algebra, geometry and combinatorics where Fermat-type arrangements appear as interesting source of examples. This work can be regarded as an invitation to study these interesting objects in greater detail and to consider them as a rich testing field for various statements and ideas.
